Abstract For the measurable Riemannian structure on the Sierpinski gasket introduced by Kigami, various short time asymptotics of the associated heat kernel are established, including Varadhan's asymptotic relation, some sharp one-dimensional asymptotics at vertices, and a non-integer-dimensional on-diagonal behavior at almost every point. Moreover, it is also proved that the asymptotic order of the eigenvalues of the corresponding Laplacian is given by the Hausdorff and box-counting dimensions of the space.
Figure 1 Sierpinski gasket
Harmonic Sierpinski gasket 1 Introduction p .t; x; y/ is expected to behave differently from those on Riemannian manifolds, and this is the case for the asymptotics of p .t; x; x/ as t # 0, as described in Theorem 1.3 below. Now we outline the main results of this paper. Following [25, Theorem 5 .1], we define the harmonic geodesic metric H on K by H .x; y/ WD inf¹`.ˆı / j W OE0; 1 ! K; is continuous; .0/ D x; .1/ D yº (1.1) for x; y 2 K, where`.ˆı / is the length ofˆı W OE0; 1 ! R 2 with respect to the Euclidean metric. Then H is a metric on K compatible with the original topology of K, and the first main result of this paper is the following characterization of the metric H . Theorem 1.1. For any x; y 2 K, H .x; y/ D sup¹u.x/ u.y/ j u 2 F ; j e ruj Ä 1 -a.e.º; (1.2) where e ru denotes the "gradient vector field" of u; see Theorem 2.17 below.
It is not difficult to prove the equality analogous to (1.2) for Riemannian manifolds, whereas in the present case (1.2) is not straightforward and its proof, which is given in Section 4, is an important step of this paper. By virtue of Theorem 1.1, the general results of Sturm [35, 36] and Ramírez [32] apply to the present case to yield the following offdiagonal Gaussian behaviors of p .t; x; y/ in terms of H . For .r; x/ 2 .0; 1/ K we set B r .x; H / WD ¹y 2 K j H .x; y/ < rº. For the heat kernels on Riemannian manifolds, the asymptotic behavior of exactly the same form as (1.4), called Varadhan's asymptotic relation, is well-known and has been obtained by Varadhan [38] (see also Norris [31] ). Also the two-sided Gaussian heat kernel bound like (1.3) is known to hold for Riemannian manifolds which are either compact or complete with non-negative Ricci curvature; see [8, 15, 30, 33, 35, 36] and references therein.
We remark that Kigami [25, Theorem 6.3] has already obtained a two-sided Gaussian bound for p .t; x; y/ similar to (1.3) where the upper bound involves exp H .x;y/ 2 C t with some constant C 2 .2; 1/ instead of exp H .x;y/ 2 2t
. Here we can conclude a better Gaussian upper bound as in (1.3) by virtue of Theorem 1.1 and Sturm's results [35, 36] .
Note that Corollary 1.2 is in sharp contrast with the behaviors of the transition density p.t; x; y/ of the Brownian motion on the Sierpinski gasket K; p.t; x; y/ is nothing but the heat kernel associated with the Dirichlet space .K; ; E; F / where is the log 2 3-dimensional Hausdorff measure on K with respect to the Euclidean metric, and by [5, Theorem 1.5] we have the following sub-Gaussian bound where d f WD log 2 3 and d w WD log 2 5 > 2. Furthermore by [28, Theorem 1.2-a)], for any distinct x; y 2 K, the limit lim t#0 t 1 dw 1 log p.t; x; y/ does not exist. Corollary 1.2 concerns the off-diagonal Gaussian behaviors of p .t; x; y/. On the other hand, for its on-diagonal behaviors we will establish the following statements, which include both "manifold-like" and "fractal-like" asymptotics. (1.5) is "manifold-like" and reflects our intuition on the picture of K H (Figure 2 ) that, nearˆ.x/, K H looks very much like its "tangent line atˆ.x/". In fact, for each x 2 V (i.e. a vertex x of any level), we prove a more detailed one-dimensional asymptotic behavior of p .t; x; y/ when t 2 .0; 1/ is small and y 2 K is close to x, as well as the existence of the limit lim r#0 .B r .x; H //=r 2 .0; 1/. On the other hand, according to (1.6) and (1.7), p exhibits non-integer-dimensional behaviors at -a.e. point in the short time limit, thereby reflecting the fractal nature of the space.
Lastly let us give a few remarks on the framework. One may expect that the main results of this paper can be generalized to the case of other self-similar fractals like ones in Figure  3 , but such generalizations are not straightforward and the actual situation is quite subtle, as suggested by the following facts.
First, our proof of Theorem 1.1 utilizes a complete knowledge about the structure of geodesics due to [25, Section 5] (see Proposition 3.15 below), where the two-dimensionality of the space has played an essential role. Therefore some additional task should be necessary to verify Theorem 1.1 even in the (probably simplest) case of the d -dimensional (level-2) Sierpinski gasket with d 3, although most of our main results will be valid also for them. Secondary, in another simple case, the case of the two-dimensional level-l Sierpinski gasket with l 3 (see Figure 3 ), we can show that the "Riemannian volume measure" is not volume doubling with respect to the harmonic geodesic metric, based on the denseness of vertices from which the space spreads away in three directions. Hence by [24, Theorem 3.2.3] , even the on-diagonal upper bound p .t; x; x/ Ä c U = B p t .x; H / is false there, whereas Theorem 1.1 and part of Theorem 1.3 are still expected to be true. Finally, for most other typical fractals, such as pentagasket and snowflake in Figure 3 , non-constant harmonic functions can be constant on non-empty open subsets and, as a consequence, harmonic maps into finite dimensional spaces and their associated energy measures cannot be used to introduce a "Riemannian structure". Thus it is already a highly non-trivial problem how we should introduce "Riemannian structures" on such fractals. In view of these observations, it seems reasonable for this present moment to content ourselves with the case of the two-dimensional Sierpinski gasket only. We leave possible extensions of our main results to other fractals for future studies.
The organization of this article is as follows. In Section 2, we collect basic facts concerning the standard Dirichlet form and the measurable Riemannian structure on the Sierpinski gasket. In Section 3 we briefly recall the results of [25] on the volume doubling property of the Kusuoka measure and basics on the harmonic geodesic metric, with slight improvements. Based on these preparations, we give the proofs of our main results in the subsequent sections; Theorem 1.1 and consequently Corollary 1.2 are proved in Section 4, and (1), (2) and (3) of Theorem 1.3 together with some more detailed results are treated respectively in Sections 5, 6 and 7.
Notation. In this paper, we adopt the following notations and conventions.
(1) N D ¹1; 2; 3; : : : º, i.e. 0 6 2 N.
(2) The cardinality (the number of all the elements) of a set A is denoted by #A. (3) We set sup ; WD 0 and inf ; WD 1. We write a _ b WD max¹a; bº, a^b WD min¹a; bº, a C WD a _ 0 and a WD .a^0/ for a; b 2 OE 1; 1. We use the same notations also for functions. All functions treated in this paper are assumed to be OE 1; 1-valued. (4) Let N 2 N. The Euclidean inner product and norm on R N are denoted by h ; i and j j respectively. For W OEa; b ! R N continuous, where a; b 2 R, a Ä b, let`. / be its length with respect to j j. We set L.R N / WD ¹T j T W R N ! R N ; T is linearº, and for T 2 L.R N / let det T be its determinant, and T its adjoint and kT k its Hilbert-Schmidt norm with respect to h ; i. (5) Let E be a topological space. The Borel -field of E is denoted by B.E/. We set C.E/ WD ¹f j f W E ! R; f is continuousº and kf k 1 WD sup x2E jf .x/j, f 2 C.E/. (6) Let .E; / be a metric space. We set B r .x; / WD ¹y 2 E j .x; y/ < rº for .r; x/ 2 .0; 1/ E and diam.A; / WD sup x;y2A .x; y/ for A E. Also for f W E ! R we set Lip f WD sup x;y2E; x6 Dy jf .x/ f .y/j= .x; y/.
Measurable Riemannian structure on the Sierpinski gasket
In this section, we briefly recall basic facts concerning the measurable Riemannian structure on the Sierpinski gasket, including the definitions of the standard Dirichlet form (resistance form) and the harmonic Sierpinski gasket, which is the geometric realization of the measurable Riemannian structure. We follow mainly [25] for the presentation of this section, but we sometimes refer to also [17, 22, 23, 26, 29] for related facts. See [37] for possible generalizations to other finitely ramified fractals. Definition 2.1 (Sierpinski gasket). Let V 0 D ¹q 1 ; q 2 ; q 3 º R 2 be the set of the three vertices of an equilateral triangle, set S WD ¹1; 2; 3º, and for i 2 S define Figure 1) is defined as the self-similar set associated with ¹F i º i2S , i.e. the unique non-empty compact subset K of R 2 that satisfies
Note that V m 1 V m for any m 2 N. K is always regarded as equipped with the relative topology inherited from R 2 , and V is dense in K in this topology. Hereafter we always regard F i for each i 2 S as a continuous map from K to itself. 
Associated with the triple .K; S; ¹F i º i2S / is a natural projection W † ! K given by the following proposition, which is used to describe the topological structure of K. Recall the following basic fact ([23, Proposition 1.3.5-(2)]) which we will use below without further notice: if w; v 2 W and
Proposition 2.3. There exists a unique continuous surjective map
As studied in [1, 23, 34] , a standard Dirichlet form (or resistance form, strictly speaking) .E; F / is defined on the Sierpinski gasket K as follows.
We define a non-negative definite symmetric bilinear form
where, for x; y 2 V m , we write x m y if and only if x; y 2 F w .V 0 / for some w 2 W m and
The usual definition of E m does not contain the factor 1=4 so that each edge in the graph .V m ; m / has resistance .3=5/ m . Here it has been added for simplicity of the subsequent arguments; see Definition 2.11. It is easily shown that, for any function u W K ! R, ¹E m .uj Vm ; uj Vm /º m2N[¹0º is non-decreasing and hence has the limit in OE0; 1. Then we have the following theorem; see [23, Chapter 2] and [26, Part 1] for the definition and basic properties of resistance forms. The definition of the measurable Riemannian structure on the Sierpinski gasket involves certain harmonic functions. In the present setting, harmonic functions are formulated as follows. The following proposition provides an alternative geometric definition of K H , and essentially as its corollary we also see the injectivity ofˆ(Theorem 2.13), Proposition 2.14 below and that hhi has full support for any h 2 S H 0 .
where ¹i; j; kº D S, and Now we introduce the measurable Riemannian structure on K, which is formulated as a matrix-valued Borel measurable map Z on K, as follows. In view of Theorem 2.16, especially (2.10), we may regard Z as defining a "onedimensional tangent space of K at x together with a metric" for -a.e. x 2 K in a measurable way, with considered as the associated "Riemannian volume measure" and Zru as the "gradient vector field" of u 2 C 1 .K/. Then the Dirichlet space associated with this "Riemannian structure" is .K; ; E; F /. The main subject of the present paper is detailed asymptotic analysis of this Dirichlet space, especially its associated heat kernel p .
As a matter of fact, any u 2 F admits a natural "gradient vector field" e ru, thereby (2.10) extended to functions in F , as in the following theorem whose essential part is due to Hino [17, Theorem 5.4] . We need the following definition and lemma for the proof of Theorem 2.17. Recall that 
Proof. This is immediate from a direct calculation using Proposition 2.12-(ii), (2.9) and (2.14). 
whereas Y. I u/ is defined as the L 2 .K; /-limit of ¹Zru m º m2N in [29] . Thus e ru D Y . I u/ -a.e.
Geometry under the measurable Riemannian structure
This section is devoted to preparing preliminary facts required for the subsequent arguments. First we introduce basic notions and results concerning the description of geometry of K, following [24] . Then we treat the volume doubling property of energy measures, construction of geodesic metrics and weak Poincaré inequality. For the Dirichlet space .K; ; E; F /, which corresponds to the measurable Riemannian structure on K, essential parts of the results of this section are already established in Kigami [25] . Here we slightly improve his results, and prove the same results also for the Dirichlet space .K; hhi ; E; F/, h 2 S H 0 . The extensions to .K; hhi ; E; F / are of independent interest and will play central roles in Sections 4 and 5. There is a natural one-to-one correspondence between scales on † and gauge functions on W , as in the following proposition. See [24, Section 1.1] for a proof. where l. Proof. The first assertion is clear. Let w 2 W , x; y 2 K w and s WD l.w/. Then w Ä v for a unique v 2 ƒ s , and
Now we discuss the volume doubling property of and hhi , h 2 S H 0 . First we state their volume doubling property in terms of certain scales, to which the corresponding geodesic metrics are shown to be adapted later in this section. 
Proof. 
For each s 2 .0; 1/, let n.s/ be the unique n 2 N [ ¹0º satisfying OE! n 2 ƒ H s , so that s=5 Ä T OE! n.s/ Ä s by (3.4). Then (1) and Lemma 3.5 easily imply that for any s 2 .0; 1/,
Let s; t 2 .0; 1/, s Ä t . Then n.s/ n.t/, and (3.4) yields
Now from (3.9) and (3.10) we conclude that
and, using also (3.5), that
proving the assertions for S H ; the case with t D 1 follows since U 4=5 .x; S H / D K. In view of (3.5), exactly the same proof applies to the assertions for S h as well.
we easily see 5 n Ä t n =s n and hence .U sn .
, where x n WD .1 n 32 1 /, s n WD kT 1 n 32 n k and t n WD kT 1 n k. Similar calculations work with S h and hhi for each h 2 S H 0 . For the first part of (3.8) it suffices to choose g WD h 2 , x WD q 1 , s WD kT 1 2n k and t WD kT 1 n k to let n ! 1, and similarly for the latter of (3.8) for each h 2 S H 0 .
Next we define the corresponding geodesic metrics on K and state their basic properties.
Definition 3.12. Let h 2 S H 0 . We define the harmonic geodesic metric H on K and the h-geodesic metric h on K by respectively We need the following lemma for the proof of Proposition 3.16.
Proof. It is easy to see that we may assume w D ; without loss of generality by considering
w .x/ and F 1 w .y/ instead of h, w, x and y. Then by the symmetry of K and .E; F/ we may further assume that x D q 2 and y D q 3 .
Let I WD OE 1= p 3; 1= p 3. By [25, Theorem 5.4],ˆ.q 2 q 3 / D ¹.'.t /; t / j t 2 I º for some ' 2 C 1 .I / and it possesses the following properties:
from which and h 1 Ä ' ı h 2 we can easily verify (3.13) and`h.
To complete the proof of (3.14), let
Since either of h.q 2 / and h.q 3 / is equal to either max V 0 h or min V 0 h, we see that
proving the former assertion of (3.14) which and (2.16) yield the latter. 
Proof of Proposition
Also for s 2 .0; 1/ and w; v 2 ƒ H s with K w \ K v 6 D ;, (3.4) and Proposition 3.10-(1) yield s
Let .r; x/ 2 .0; 1/ K. Suppose r < p 2=50 and take w 2 ƒ H 25 p 2r
such that x 2 K w . .x; H / D K by (3.11), and exactly the same proof applies to the case of . hhi ; h / as well by virtue of (3.5), Proposition 3.10-(1) and (3.12).
Notation. In the rest of this paper, we will use the constants Ä D log 5 
Clearly, .x; y/ D .y; x/ 2 OE0; 1/, .x; x/ D 0 and .x; y/ Ä .x;´/ C .´; y/ for any x; y;´2 K; in fact, .x; y/ 2 Ä .K/R E .x; y/=2. is called the intrinsic metric of the Dirichlet space .K; ; E; F/ or simply the -intrinsic metric on K.
The notion of the intrinsic metric of a strong local Dirichlet space appears in many places such as [35, 36, 32, 18] . The results there suggest that the intrinsic metric is the most "natural" metric for a given strong local Dirichlet space; for example, according to Ramírez [32] and Hino and Ramírez [18] , Varadhan's asymptotic relation like (1.4) is true for a large class of strong local Dirichlet spaces as long as the metric in the right-hand side is replaced by the intrinsic metric.
Then a problem arises as to how the intrinsic metric is characterized for concrete examples. For the canonical Dirichlet space associated with a smooth Riemannian manifold M , it is not difficult to see that the intrinsic metric is equal to the geodesic metric on M ; see [31] and references therein for related results on Riemannian manifolds. The same assertion is in fact true also for our Dirichlet spaces .K; ; E; F / and .K; hhi ; E; F/, h 2 S H 0 , which is the main theorem of this section:
Then based on Theorem 3.19 and Proposition 3.20, the general results of Sturm [35, 36] and Ramírez [32] imply the following Gaussian bounds and Varadhan's asymptotic relation. The rest of this section is devoted to the proof of Theorem 4.2. Unlike the case of Riemannian manifolds, this result is not straightforward and requires a long complicated proof, mainly due to the geometric singularity of the space. The proof relies heavily on Theorem 2.17, Propositions 3.15 and 3.16 and the ideas in [20] . Since Recalling w D OE! n and n m, we divide (4.9) by H .´c;´d / and use (4.8) to get 
from which we conclude that 1 Ä jc x H ;y j D j e r x H .y/j .Ä 1/ by using (4.8) and (2.11) to let m ! 1, n ! 1.
This is proved in exactly the same way as above by using Theorem 2.17- (2) x; x/ Ä .x; y/. Next for the proof of Ä 9 H let u 2 F satisfy hui Ä . It suffices to show that ju.x/ u.y/j Ä 9 H .x; y/ when x; y 2 V m for some m 2 N and x 6 D y since u 2 C.K/ and V is dense in K. For any w 2 W , from hui .K w / Ä .K w / we easily see ku ı F w k E Ä kT w k and therefore
Then (3.14) and (4.10) yield (recall Definition 3.13-(1))
and hence ju.x/ u.y/j Ä 9 H .x; y/. Exactly the same argument using Lemma 4.5-(2), Proposition 3.16 and (3.14) shows the other assertion, completing the proof.
We need the following two lemmas for the next proposition (Proposition 4.9). The first lemma is elementary and easily follows from [26 
U . Then 2E.h; h i 1 / D a h > 0 since h > a on K i n n ¹q i º, and the argument in the previous paragraph together with Proposition 2.10-(2) also yields
Taking the values of hhi on each side of (4.14) yields ja 
; y/' n .y/dy D e nt ' n for t 2 .0; 1/. Then ¹' n º n2N is a complete orthonormal system of L 2 .OEa; b; dx/. On the other hand, let h;U be the non-positive self-adjoint operator of the Dirichlet space .U; hhi j U ;
Let f 2 L 2 .OEa; b; dx/ and a n WD proving (4.13) for x 2 U , and hence also for x 2 U .
Proof. (1) Let u 2 F satisfy hui Ä , let l 2 N and x; y 2 V l , x 6 D y. 
We claim that hvi Ä hgi . Let 2 W . Since F W f 7 ! f ı F is a bounded linear operator on .F=R1; E/ by (2.2), we have kg n ı F g ı F k E _ kg
Thus the claim follows.
Note that either g 6 2 Rh Now noting that is injective and that F OE!m n .q i /; F OE!m n .q/ 2´k 1´k , we set 
One-dimensional asymptotics at vertices
In this section, we prove sharp "one-dimensional" asymptotic behaviors of .B r .x; H // and p .t; x; y/ for x 2 V , which reflect our observation that, nearˆ.x/, the harmonic Sierpinski gasket K H (Figure 2 n kT wij n k > 0, we define
where
We can write down x ; c x ; r x explicitly in terms of T w in the situation of Definition 5.1-(ii), since h x and h ? x are given by (2.14) and
for some " i ; " j 2 ¹ 1; 1º by Proposition 3.14.
Measures of geodesic balls
The following is the main theorem of this subsection. The rest of this subsection is devoted to the proof of Theorem 5.3. We need the following proposition and lemmas, which will play essential roles also in Subsections 5.2 and 5.3 below. 
where v WD wj i Nx 1 , and similarly on K wij Nx 1 . Also the same proof as that of (4.12) shows that for any f 2 L 2 .OE r x ; r x ; dy/ and any .t; y/ 2 .0;
from which (5.5) easily follows by virtue of h (4.14) , using the definition of N x and Proposition 2.10- (2) we have
r x;n ; 5 6 r x;n / for n N x , which and the first assertion of (3) immediately yield (4).
Lemma 5.5. In the rest of this proof we suppose x 2 V n V 0 ; the case of x 2 V 0 is proved similarly and more easily. Let w 2 W , i; j 2 S and a 
where .k; l/ runs over ¹.i; j /; .j; i/º and we used
Then by using Lemma 5.6 and Fatou's lemma to let n ! 1 in (5.11), together with (4.11) and (5.10), we get lim n!1 . 
Heat kernel
The main result of this subsection is a short time asymptotic behavior of p .t; x; y/ for x 2 V and is stated in the following theorem, whose proof makes full use of Propositions 4.9 and 5.4 and Lemma 5.5. Recall Definition 5.1 and that hx .x; y/ D jh x .y/j for x 2 V and y 2 K x by (4.13) and (5.6). 
for any .t; y/ 2 .0; t x K x , where c The proof of Theorem 5.9 is given later. First we prove Theorem 5.8 based on Theorem 5.9. For this purpose we need the following lemma.
Lemma 5.10. hhi .B r .x; h // . .B r .x; H // for h 2 S H 0 and any .r; x/ 2 .0; 1/ K. (3.4) , which and jvj Ä j j easily yield hhi .K v / Ä 25 .K /. Therefore using Proposition 3.10-(1) we see that hhi .K w / .
hhi .K v / . .K / Ä .U s .x; S H //, which and Lemma 3.5 imply hhi .U s .x; S h // . .U s .x; S H //. Using this fact together with (3.16), (3.12) and (3.11), we conclude that
The case of r 10 is clear since B 10 .x; H / D B 10 .x; h / D K by (3.11) and (3.12). hh ?
Proof of Theorem
Similarly, by using (5.15) and 1^s ÄC1 2 Ä 1^s, s 2 OE0; 1/, we see that
Again by Proposition 5.4-(3) (Proposition 4.9 when x 2 V 0 ) and Lemma 5.5, we also have
On 
Also a direct calculation using [21, Proposition 2. s=.1Cı=2/ Ä 5ı 1 e s=.1Cı/ , s WD h x .y/ 2 =2t to estimate the second term in (5.12), completing the proof of Theorem 5.8.
The rest of this subsection is devoted to the proof of Theorem 5.9. We need to prepare several lemmas. The following lemma is immediate from (3.16) and Corollary 4.3; note that we have .1 C x/˛e x=ˇÄ .e 1˛ˇ/˛e1=ˇf or˛;ˇ2 .0; 1/ and x 2 OE 1; 1/. Then for each n 2 N [ ¹0º there exists c hk .n/ 2 .0; 1/ determined solely by n; Ä; c G ; c V such that for any ı 2 .0; 1 and any .t; x; y/ 2 .0; 1/ K K, Lemma 5.12. Let "; ı 2 .0; 1/, " < ı and set Â."; ı/ WD ."ı C 2" C 1/=.ı "/. 
The latter assertion is proved in the same way by using (3.16) and (3.17).
Next we introduce several probabilistic notions required for the proof of Theorem 5.9, which utilizes a time change argument on the diffusion. See [13, Part II Proof. Let ı 2 .0; 1, s; t 2 .0; 1/ and x; y 2 K. By (5.28) and the Markov property of X, 
Moments of displacement of the diffusion
The purpose of this subsection is to present an application of Theorem 5.8 to asymptotics of moments of displacement of the corresponding diffusion. The main result is the following. (5.42) says that, in the short time limit, the moment E x OE H .x; X t /˛ of displacement of X at x 2 V is asymptotically equal to that of one-dimensional Brownian motion.
Here
Now (5.44) easily follows by substituting t by .3=5/ 2N t (N 2 N) in (5.50) and (5.51) and using them to let n ! 1 first and then N ! 1. Thus the proof of Theorem 5.16 is complete.
6 On-diagonal asymptotics at almost every point So far we have established Gaussian off-diagonal behaviors of the heat kernels as well as several one-dimensional asymptotics at each x 2 V . In this and next sections, we will verify that p .t; x; x/ and p hhi .t; x; x/ for h 2 S H 0 exhibit non-integer-dimensional asymptotic behaviors as t # 0 for -a.e. x 2 K.
The following is the main theorem of this section. Note that, for each h 2 S H 0 , the term " -a.e." is a synonym for " hhi -a.e." since and hhi are mutually absolutely continuous by [17, Theorem 5.6] . Note also that 2 log 25=3 5 D 1:5181 : : : < 2. One of the keys to Theorem 6.1 is the ergodicity of the Kusuoka measure (to be precise, of the measure D ı ) which has been obtained in [29, Example 1] . Unfortunately, however, the proof of this fact in [29] is indirect and complicated. We provide an alternative simple proof of it at the end of this section based on the self-similarity (2.2) of .E; F /. Now we proceed to the proof of Theorem 6.1. We start with an easy lemma.
Lemma 6.3. For any ! 2 † and any x 2 R 2 n ¹0º,
Proof. Since kAk 2 2j det Aj for any A 2 L.R 2 /, Proposition 2.12-(i) and (3.4) imply that
for any w 2 W , which immediately yields (6.2). Similarly (6.3) follows by applying (3.5) to h WD jxj
The following two propositions completely characterize when the local spectral dimensions at .!/ exist for a given ! 2 †, in terms of the asymptotic behavior as m ! 1 of the logarithms of the norms kT OE!m k andˇT OE!m xˇ, x 2 R 2 n ¹0º. log kT OE!m k Ä 2 log 25=3 5:
In particular, the limit lim t#0 2 log p . Proof. The proof goes in exactly the same way as that of Proposition 6.4 by using (3.5), (3.12) and (6.3) instead of (3.4), (3.11) and (6.2) respectively. (6.14) By E A .1; 1/ D 0 we can regard E A as a non-negative definite symmetric bilinear form on H 0 =R1, and let Q A be its matrix representation through the basis ¹h 1 ; h 2 º of H 0 =R1. Then (6.14) together with Proposition 2.12-(ii) yields Q A D .5=3/ P i2S T i Q A T i , based on which a direct calculation using Proposition 2.12-(i) easily shows that Q A D c A 1 0 0 1 for some c A 2 OE0; 1. Thus (6.13) holds for any u; v 2 H 0 , hence for any u; v 2 S m2N H m by (6.14) and (2.2), and then also for any u; v 2 F since S m2N H m =R1 is dense in .F=R1; E/ and E A .u; u/ Ä E.u; u/, u 2 F . Notation. Let .E; / be a metric space and let A E be non-empty. The rest of this section is devoted to the proof of Theorem 7.2, for which the following proposition is fundamental.
Let .v; w/ 2 ƒ by (3.11), where we have chosen x n 2 B n n V . By Lemma 3.5, U 25 p 2Dn .x n ; S H / D S mn iD1 K w n;i for some m n 2 ¹1; 2; 3; 4º and ¹w n;i º by virtue of the lower bound in (6.4). Now (7.14) follows from (7.15), (7.9) and d S D d B .
